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Solutions

1. Notation: E(A) = (A). Then E(A) =} ,_; 5 A(i)P(i) = (h1 — h2)/(h1 + h2), E(A%) =3, A2(4)P(i) = 1.
Fluctuation is V(A) = E[(A — E(A))?] = E(A?%) — 2[E(A)]? + [E(A)]? = E(A?%) — [E(A))? (hﬁ%j)z'
Dispersion is Ay = /V(A)/E(A) = 2y/h1ha/(h1 + hs).

For hi/hy — 00, V(A) ~ 4ha/h1, A4 ~ \/V(A).

2. Let w = e27™/" w" =1, A; = Rew.

a) B(A)=1ReY ) w' = 1Re Y[ ) w! = 1Rel=%" = 0.

b) 247 = Re(1+w?), so 2E(A?) = n+1Re Y [ (w?)!. We distinguish two cases: if n = 2,w? = 1, E(A?%) =
2=n;if n>2,w? # 1, E(A%) = n/2 by the argument given in a).

¢) The system has circular symmetry.

3. Let (P4 ), be the probabilities of finding the system in states +, — at time ¢,, = nAt. We have the following

process:

Py
P_

P(+l+) P(+[-)
P(=l+) P(=[-)

Py

AR (1)

n—1

n
where P(o|u) is the probability of finding the system at ¢, in the state o, given it was in the state p at time
tn—1. This is simply the law of total probability.

Since ) P(o|pn) =1 for any p, and from P(+|-) = a(l + H)/2, P(—|+) = a(1 — H)/2, we can write

vp = Kv,_q, (2)
P
where v,, = + and
P
n
l4a 1-b
_ 2 2
K= lma 14b [~ (3)
2 2

anda=1—-a(l+ H),b=1—a(l — H). Denote by vy the probabilities for the initial state (they depend on the

initial state preparation process) and obtain the solution

Up = KnUOa (4)

To compute K", write K = J + B/2, where



11
5 3 —b
J= [ 22| p=|° ] (5)
5 5 —a b
2 2
and derive the following properties:
J*=1J, J-B=0y2, B*=(a+b)B (6)

It is now easy to obtain K™ = J + (%52)"~1B/2 by iteration.

Now assume that the initial probabilities are known,

with w +d = 1. Then

|12 a+b\""'| (au—bd)/2
U”_[1/2]+< 2 > [(bd—au)/2]’ ®
so the spin average is E(0), = (au — bd)(%2) L.

The average over N measurements becomes

N N (a+byn—
1 ZE au _ bd)znl(]\gb)l (9)
n:l
We have (a+0)/2=1—a,au —bd = (1 — a)(u —d) + aH, so we get:
By = L= rolly (v (10)

Clearly, limy_.o E(0) = 0. The case @« — 0 (zero temperature) is subtle, because it leads to a symmetry
breaking mechanism.
4. Saddle point expansion of the integral (A > 1, f'(a) = 0)

M) o M) [T (20)lean
/dte ~e \/:Z FTPICR (11)
n=0

where dg(T) = gent™ and t = g(y/f(a) — f(1)).
We obtaln

n n o= (2n)lc
| — n,—x _ n+l —nt+nlnt _ (ﬁ) / —nft—1-Int] _ (ﬁ) ( 2n 12
n! /dIL‘IL‘ e n /dte n{ dte van (= ngzo i (12)
dg(T o0 n dg(T 00 n
where il(r) = > C,cnt™ and t = g(vVt—1—Int). Thus, % = ﬁ = > 2 ocn(Vt—1—1Int)"

Iterating this identity twice, we obtain co = v/2, 2 = ¢q /12, so




n 1

n! ~V2mn (—) [1 +1on T O(n=?)|. (13)
Relative error at n = 15 is ﬁ.

5. The sum of N independent random variables X, identically distributed with probabilities P(1) = p, P(0) =

1 — p is a random variable distributed binomially, with N states and parameter p, X = Egzl X,. The

magnetization is zero if X = N/2 (half of spins up, half down), so P(M =0) = W[p(l —p)V/2,

For p = 1/2 (configurations equally likely), we get P(M =0 For large N, Stirling’s formula
D g qually y g g g

- ___ N
T2N((N/2)h)

gives P(0) ~ /2.
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6. Use the equations of motion p’ = —kz, ' = p/m to obtain H' = pp’/m + kaxx’ = 0 — H = const. and
kx?)2 = —xp' /2 = px’/2 — (px)'/2 = p?/2m — (pz)' /2. Therefore, kx2/2 = p%/2m — (pz)'/2 = p?/2m since
f" = limat—oo [, f'(t)dt = 0 for any bounded function f(t). We conclude that kx2/2 = H/2.

The microcanonical distribution can be expressed as kx2/2 + p? /2m H, so we parametrize kx?/2 =
Hcos(f), p*/2m = Hsin(#), 60 < [0,2x]. Then (kx?/2) = f cos?(0)dh = H/2 = ka?/2.

7. Introduce the notation zy = pg + iwkxr, k = 1,2. Then the Poisson brakets read {z, 2z} = 0, {21, 2z} =
2iwgdk,. We also have H = |z1]? + |22]%, so the solutions to the equations of motions are zj, = |z;|e™*! =
\/@ei“’kt*m, k = 1,2, where ¢, are constant phases fixed by initial conditions.

If wy = nwi, we have the invariant ®3 = Re{zlﬁi} = Re{@l@Q%ei(m*d’?/”)ezﬂw/”}, r=0,n—1, with n

branches. For n = 2, we have ®3 = +Re{(p1 + iwi21)(p2 — 2iwiz2)"/?}.

8. Consider the function F(P;,\) = —k Zi\il P;In P; + )\(Z,fil P; — 1), with A\ a Lagrange multiplier. The
conditional maximum is given by the equations dp, F' = 0,0\F = 0, which give P; = eMk=1 the same for all

i =1, N. The maximum is therefore given by the uniform distribution, P; = 1/N.

9. a) The entropy of a system made of two non-interacting subsystems is the sum of entropies: Psp =
P,Pp = ZPAB In Pyp = ZPAPB(IHPA —I—IHPB) = (ZPA lnPA) ZPB"’ (ZPB lnPB)ZPA = ZPA In Py +
>~ Ppln Pg. Therefore, for our system, S = Ns, where s = —k(In(1/2) +1n(1/2))/2 = kIn2 is the entropy for
one spin. Thus, S = kN In2.

b) More generally, for a two state system with probabilities Py, Ps, we get s = —k[P1In Py + (1 — P;)In(1 —
P)] = —k[H(e" —e ) /(e 4+ e H) — In(2cosh(H))] = k[In2 + Incosh H — H tanh(H)]. H has been chosen

positive here.



c) Since % [Incosh H — H tanh(H)] = —H/ cosh?(H) < 0, we conclude that the entropy is maximum for

the symetrical case, H = 0 (complete disorder) and minimimum at H — oo, for a completely ordered system.

10. Use the representation §V(x) = (273)N [ dke™ > and the normalization [ dke~**~%0)* — (7/a)N. Then
we have Z ~ [eVA 3N~V (mc)3|VE [dPS(H — E)6™ (P — Pyg) for large N. Introduce the scalar ko and the
N vector k and obtain Z ~ [eVA 3N~ (me)3|NEr [dP [ dk [ dkgetto®*=2mE)cik-(P=Po) = Write kP2 + k -
P = kP + ﬁ] — —2 and integrate over P. Obtain Z ~ k, N/2fdkfdk e~ ko(@mE) ¥ (5 Po) - g
k2/4ko —k - Py = 4k0 [k 2Poko]? — Po?kg and integrate over k. Obtain Z ~ i dkgetko(2mE— Po®) and integrate
over ko. Get Z ~ [eVR 3N~ me))]NErs(2mE — Pg?). Represent Epd(2mE — Pg?) ~ e~ N2mE-Po*|/E 44
conclude that S/N ~ kve(mc/h)>(2mE — Po?)/E, where v = V/N. Conclude that the conjugate force is

proportional to the center of mass speed of the system.
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11. Use the formula %5(:2"—77@) = —dz(tt) Vo(Z—7(t) = % -V§(Z—7(t) to obtain the following local conservation
laws:
on >
— Jn(Z,t) =0 14
V@) (14)
oq -
E—FV Jg(i’,t) =0 (15)
Oe
ge Jo(Z,1) = 0, 16
R AR (16)

MMzzppa A(0). (19)

Note: The momentum density is in fact a symmetric tensor, which gets contracted in equation (2) with the
divergence operator.

Now compute the generic average



N J 11, dpid@id(2mE — 55, P2) f(5;)6(Z —75(t)) _ N, =
<Z.f(Pi)6($_ Z fdepdek5(2mE El ) v

and obtain (see problem 15 in this set for details)

— Pi2
@0y =, (@)= T 5 ez = ) _E (21)
P2P;
@) =0, Ty = Y0B 5 (= ) (22)

Therefore, the identities are identically satisfied, all terms being null.

12. We start by requiring that the constrained function C(E, N,V B, I:E)) = —kP,InP,+ kB(>_PE;— F) —
kBp(>. PiVi—V) = kBu(>. PiN;i— N)—kB7- (3. PP, — By) —kB3(3. P,L; — Lo) reach a maximum at equilibrium,
with the Lagrange multipliers all independent.

The equation dp,C = 0 leads to the simple solution

P~ e—B[Ei—pVi—MNz‘_ﬁﬁi_‘:”iEi] (23)

and we denote the normalization factor ) , P, = Z(N, E,V, Py, Lo) = ¢ PF. From S = —k >; PiIn P;, we obtain

S =kB(E —pV — uN — 0B — SLo + F) (24)
We therefore conclude that F C and it reaches a minimum at equilibrium. This implies that k3 = g—g = %,

p = 25 (pressure), u = 8N (chemical potential), ¥ = a%% (center of mass speed), & = 885 (total angular

velocity).

13. From the previous problem and the fact that the potential F' has an extremum at equilibrium, we get the

oS E Id 3 mw?R?
CV_<T8T>V_<T_2T> k<2_ 0T > (25)

with m the molecular mass and I the moment of inertia of the uniformly distributed gas.

result

14. a) Following the procedure in 12, we write the partition function

Bag 2

AN
Z(N,E, Mr) = (/ die™ = ™ “”“”) (26)

2a ,and [ dZe” 0 (%)3/2, we obtain



3N/2 ngi2
;;T) e %0 . (27)
0

= Nh /. For h ~ 0, the magnetization is almost null (the system is

Z(N, E, Mr) = <

olnZ
oph
at maximum disorder), and for h — oo, almost all spins are aligned with the exterior field (maximum order).

b)S=klnZ+ E/T = Nk:(ﬁh_‘2 —3/21n )+ constants.

The total magnetization is M =

15. Define the generating function

F(k) = / [[ dvidgsemE - p2)eik ZiPi, (28)
we get

. O?F(k = 0)
———, (Q_p)) = Y (29)
d(ik)
Writing §(2mE — 3, pi?) = fdkoeiko(sz_Ziﬁi2), and grouping together —kop? + kp, = —kolp; — %]2 + %,
it is easy to see that JpIn F (E =0) ~ k=0. By exactly the same procedure, one can prove in general that
(pipj) =0, Vi # j.

Therefore,

O _pi=0), (Q_m?*=0Q_ )+ Y hiabjs) =2mE. (30)

i i i7a¢j7ﬁ
16. From conservation of total energy, T' = (>, N;T3)/ (D, Ni)-

17. First compute the partition function for the canonical ensemble,

Zo(N,E,h) =Y ePhio = N (20hX=B0Ny vy = 2N e PN (2Ph 4 )N = [2cosh(BR)]N  (31)
allo
where X is a random variable X = N, giving the total number of spins up, which is obviously distributed
binomially, with probability 1/2 and N states. The expression (€' )yinomiar can be found in any statistics book.
We obtain for the expectation value of the energy in the canonical ensemble F. = —9g1n Z. = Nhtanh(3h).
Also, the entropy in the canonical ensemble is S = kInZ + E/T = Nk[In2 + In cosh(Bh) + hfBtanh(Bh)].
Equating the average energy in the two ensembles gives us € = tanh(SBh), so temperature can be introduced
in the microcanonical ensemble as Bh = tanh™!(¢), taken as a fixed parameter.
An expansion at small e (high temperature, small external fields) gives for both ensembles S = Nk[In 2 — 2],

showing that the entropy is largest at T'— oo, G =0.
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18. a) Since the free energy is proportional to the logarithm of the partition function, all constants will be

ignored in computing it. We have

2N o0 s )
Z = [/ df’eﬁrb/dﬁegfn} ~ [/ dereﬁ’"b/ dTTQe*ng
0 0

Use the obvious result (obtained through a change of variable) [ dzz?e" ~ a» and conclude that Z ~
B*N(%Jr%). Therefore,

(32)

=

dlnZ 3NkT 2
E=-"gs == <1+b)—OT. (33)

b) We derive a general result, valid for any conservative external potential U (), which can be used in
problem 19 as well. The thermal equation of state pV = NkT leads to the local law p = %kT. The mechanical

equation of state is simply a statement of equilibrium at each point (see problem 19 for details):

dp = —L VU - dF. (34)
Together, these two equations lead to

= U Ul(r; 7 7
dp = —k%VU CdF = lnp% _ U +U0) ]‘:T () ) poe %R n = npe— 59 (35)

The normalization factor can be found from the total number of particles,

Ng 1
L2kT | _ o—55

L
/an:N:>L2/ dznoe_ki%:Nénoz
0

N
. : . B _ _
To compute C,,, use the observations noted in part a) and write Z ~ < f e~ 2m dp> (e f@mgzdz)N ~ (32 =

5Nk
C, = Mk,

19. The equilibrium average of the momentum density conservation law reads

(%) = (o) + 45, (37)

where f; is the local external force density, and 7;; is the stress-energy tensor. Stationarity implies setting the

time derivative to zero, thus obtaining the local equilibrium law



(0'Ti5) = (f))- (38)

Integarting this equation for diagonal stress-energy tensors Tj; = pd;;, we obtain

(dp) = (f;da?). (39)
The force density is given by —%ﬁU , o the results of problem 18 apply.
20. As shown in homework set 3, the probability distribution function is P ~ e~ B p}/2m—T3,; i) where

U = J\];& is the center of mass speed. The probability distribution function is the product of N identical

functions, so we have

2
_, mu; N
G = 5 ), (40)
computed with the probability distribution function P ~ e=B®*/ 2m=vp:) where we have chosen the z direction
parallel to the direction of .

Noting that

2
/e_ﬁgslpi"“dpx =0 (41)
for any positive integer n, we obtain (p®p,,) = 0. As for the remaining component, we will use the followin
Y g
formulae:
2 2 2
B +Bup 2 1 Bup- g ~BLatBups gy, 2T Bt
[ T Ly T T N
We obtain
z 2 2 2 2
/ gy, = [P / e~ Ok 0w dp, = N /e_ﬂ;’#ﬁ”“pfdpz =\ (m +m202> )
B g \p
(43)
2 2 3m?
/e—ﬁgm-&-ﬁvpngdpz - % ( ’I’f/; v +m3v?’). (44)
Therefore,
(B2 p.) m%v () 3m?v Fmtd, (I3 N [(5m%v + SNETv muv? (45)
= — = m°v =—|—+m’ | =
px,ypz ﬁ ? pZ ﬁ ’ E 2 2 ﬂ 2 5ka



21. Let f({r;}) be any differentiable function of the coordinates of the system of particles, then applying the

operator U leads to

k
Upz(20)f = Z (Z 87) f=F{ri+202%}),

(46)

from the usual form of the Taylor expansion of functions of multiple variables. The operator U is a finite

translation operator along the z axis.
22. Rewrite Hooke’s Law in matrix notation as

2u
—0 = (B — 3) TraceUId + 2uU

and assume infinitesimal displacements —dz, da along the z and z,y, respectively. The law becomes

2
—0, = <B - 2:) (—dz/L+2daja) —2pdz/L, —04, = (B - 3”) (—=dz/L + 2da/a) + 2uda/a.

Now write the energy due to external pressure as

dz d
dE = pdV = p(~a’dz + 2aLda) = —pVo . + 2V~ a

Therefore, o, = —&i% = —054 = pVo. Solving the system of equations

21
3

we obtain dz = pL?a®(2B — 11/3)/(3Bp), da = pLa3(B + 11/3)/(3Bu)

21

V= <B _ 3) (—dz/L +2da/a) — 2udz/ L = < B+ ) (~dz/L + 2da/a) — 2uda/a,
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23. The Gibbs-Duhem relation gives

1 P I
— _— — d—:
EdT-l-VdT N T 0,

from which we find by applying the equations of state

uw E 1 V p 3k . N N
Zde 4 —de = —dln — In— = kdl
Ir = Nip T §ip = g iy thdlng =kdln

N\*2 N
() v

We conclude that the new equation of state is (Ne = E, Nv =V):

(47)

(50)

(52)



g (€)*/?v
£ —km [h] , (53)

where the Planck constant has been introduced for dimensional purposes and purely numerical integration

constants have been ignored. We also obtain

N 3/2
S:52k+Nk1n[(e)h ”]. (54)

24. a) Since S is null at 7" = 0 regardless of the other variables, it has an expansion in positive powers of the

temperature,

S(T,...)= > THf(.), (55)

ki>04€Z

where ... signify the other arguments of S. The heat capacity then has the expansion

C(T):Tﬁz > TREfi(.) (56)

0 -
ki>0,i€Z,
and vanishes at T' = 0.

b) From the Maxwell relation

(), (),

- ()

ki>04€Z

and the expansion in (5), we obtain

which evidently vanishes at 0 as well.

25. Using the equations of state for the ideal gas, we have

3Nk . Nk S 3Nk VvV VvV dlnV
ds = " dT+VdV:T<aT>p—2 +Nk<8lnT>p, Ta = <8lnT>p’ prp = — <8lnp)T (59)

Using again the equation of state in the form InV = InT — Inp + In(Nk), we obtain C, = 5Nk/2, a =
1/T, kr=1/p.

26. Since N is kept constant in all the derivatives, we drop the symbol. Using the jacobian notation, we have

10



=
A

V2 [ 0p V2

=N <0V)S:_mN(V,S) (60)

_ 5 (Sp)
Cp = T.p) (61)

_A(5V)
C, = T(T, V) (62)

_ (Vip)
aV = (T.p) (63)

_ (1)
KTV = . T) (64)

Now write
0. _®8) 0T (VT G 1T .V G 4 )
v,8)  (p,T) (V,T) (V,S) T krVC, ~ mNkr Cy,  krp’

where p = mN/V is the fluid density, v = C,/C, is the adiabatic coefficient of the fluid, and B = 1/kr is its
elasticity modulus. As the book shows, there is a Mayer identity, C), = C, + %TOP

27. Since V is kept constant in all the functions of interest, we ignore the differential pdV throughout the

computations. From

dE =TdS — hdM, (66)
we obtain
oS oS oM
r(oz), =t 7o), = (o), o7
We also have
oM\ _ (oM ory\ _ krV (68)
oF ), \oT ), \oFE ), C,
We obtain
o8 os hxrV
PN (=2 1
(32), = (52),, (= "&") (69
Since (use jacobians)
oS oS [ Oh oh X
(o2), (52),, = (o), / (ar), = s (70

we conclude that

11



h/sTV> (71)

= 1
X XS<+ .

28. Since system B is at fixed temperature, its thermodynamical potential is the entropy itself, so Sp is

maximized and Epg is fixed. From

T(Sa+ Sp) — Ea + Ep = const. (72)

we conclude that, at fixed generalized forces, Sp will reach a maximum and F4 — T'S4 a minimum. In the
information-theoretic approach, the function to be maximized is obtained from the entropy and the constraints

on the average thermodynamic forces FJ, introduced through Lagrange multipliers fj:

W:ZPiInPZ-—Z%ZPiFij (73)

J
should reach a maximum. Therefore, —-WT = T'(FJ) = —TS + Zj ,ujﬁ is the appropriate thermodynamic

potential.

29. Assume the volume becomes V' = Vj + LA and that the external pressure is null. Since there is no heat

exchange, the variation of the energy is given by

kL? 3Nk 3poVo kL?
AE=——=—"1Ty—-T] = To—-T)=T="Ty|1—- . 74
5 5 [To—T] oTh [To — T 0 3V (74)
The Clapeyron-Mendeleev equation of states gives
poVo  kL(Vo+ AL) kL? kL(Vp+ AL)
= =poVo |1 — = 75
Solving the quadratic equation in L, one gets
_ kW EVoy2 | 16kpoVo 9
kL —a Ty (F) 7 kL _1(1_kL> (76)
3Apo 8 Apo T 3poVo 4 Apo
In conclusion,
k’VO kVo 2 16kp0V0
37T, i ui R VA G w) Rl i S
=201~ e ’ (77)

8Ap0
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30. From T'S = E — F and E + Ey = Ef;pq,, we conclude

—Stinat + 51+ 82 = (BF) finat — 171 — B2 (78)
where (N7 4+ N3)/B = N1/B1 + No/Bz. We also have SF = N In(3%/?n)+ constants, where n is the particle

concentration. Therefore, for the initial state we have (up to constants that do not change the variation of

entropy):
BrF1 + BoFy = Ny 111(”15?/2) + N2 ln(nzﬂé””) (79)

Case 1: Identical species.

In this case, we compute the variation of entropy by the formula:

~AS = Nm(np*?) - Y Niln(n8'?), (80)
1=1,2

where n = (n1+mn2)/2 and T'(Ny + No) = T1 N1+ T2 No. The sign of AS is obtained by comparing the argument

of the logarithm to 1, i.e. computing the ratio

{[(Nl —|—N2)T1]N1[(N1 + NZ)Tz]N2 }3/2 (Nl 4 N2)N1+N2

[NlTl + NQTQ]N1+N2 2N1+N2N1]V1N2Nz (81)
For the special case T} =Ty =T, N; = Ny = N/2, we obtain AS = 0.
Case 2: Distinguishable species.
The formula now reads
3/2
N1+N2
CAS = (N1T1 + NoTy) — (N1 + No)In?2 (82)
(N, _|_N2)N1+N2T1NlT2N2

One can prove that AS > 0 along the following line of reasoning: first, prove that for given Nj o, the variation is
minimal at T} = T = T by simply taking the derivatives in 71,75 (remember that 7" = T'(T1, 7)) and showing
that the extremum is obtained at 177 = T5:

(83)

O AS = 3<N1 N1+ Ny Nl)

N+ NoTy ' Ty
Clearly, the derivative vanishes iff. T7 = T5. Computing the determinant of the second order derivatives matrix
is a straightforward way of showing that the extremum is indeed a maximum. By exactly the same method,
one can prove that in case 1, AS > 0, with no change in entropy at 71 =T> =T.

In case 2, at 17 = Ty, one gets AS = (N7 + N32)In2 > 0.

13



31. In each compartment, the reaction equilibrium imposes

3
nANB mamp 1
- e 84
Ne (\/ ﬁ227rﬂmc> def Vo (84)
Equilibrium of partial pressure for species A, C' imposes ng) = nf), ng) = ng), so we obtain the result that

concentrations of particles are the same in the two compartments. Next, use ng = np due to symmetry of the
reaction and n4 + ng + ng = ng, where ng is the initial concentration of particles in each compartment. We

obtain a quadtratic equation in n4:
Von 4 2n4 —ng = 0, (85)
which has only one positive solution. Then find n¢ from 2n4 + ng = ny.

32. Because the temperatures are equal and the total energy is conserved, we obtain as in problem 28,

AS = B(F; — F)), (86)
and
OF; = N1lnny + Nolnng + const. (87)
Case 1: different masses.
‘We have
ﬁFf =M 1nf1n1 + Ny lnfgng, (88)

where f12 = Vi2/(Vi 4+ V2), and Vj 5 are the volumes occupied initially by the two gases. Clearly, fi2 < 1 and

AS =N ln(l/fl) + Ny ln(l/fg) > 0. (89)

Case 2: identical molecules.
We get

ﬂFf = (Nl +N2) ln(n1f1 +n2f2) (90)
Equal densities n; = ny = n leads to fFy = (N1 + No)In[n(f1 + f2)] = Nlnn, §F; = (N1 + Na2)Inn = Nlnn,

so AS = 0. Since the temperature, density and therefore pressure are identical in the two compartments, the
partition is equivalent to a virtual partition, which does not change the total number of configurations for the

whole system, so the entropy does not change under removal (or any fluctuation) of the partition.

14



33. Adding the coupling term —ha) to the free energy allows to find the inverse susceptibility in the limit h — 0,
T — T,

h = (ag + agp? + ag)h = x 1 = ap + 3a40? + Sagyt. (91)

Case 1: T > T.. All the terms in the free energy are positive, so the minimum is achieved for ¢ = 0. We
1

ay(T-T.)"

Case 2: T < T,. Minimizing the free energy leads to the equation

also obtain y =

Y(agy® + agy)® — laz]) = 0. (92)
There are two solutions close to the origin, ¢; = 0 and ¢ = + %. Since
F F 2 |as] |as| 4

we conclude that 1o actually minimizes the free energy. Notice that there are two degenerate solutions, corre-
sponding to the two possible orientations of the average magnetization (classical degeneracy). For the suscep-

tibility we have

1 1

= = . 94
as + 3|as] 2a8\T—TC| (94)
34. Write
F 9 U,y VfP
v = Ir|f* + 2f . cos(ps) (95)

and find the configuration of minimum from the equations 0yF = 0 = 0sF. From these equations we obtain
sin(ps) =0 = s = %’r,kzo,...,Qp—l and

F (=20 + 2uf? = v(=1)"f772) =0 (96)
If p = 4, we have (f?)12 = 23j|:||y|, depending on the sign of the term (—1)¥. The value of the free energy for
these two solutions is
Fio 9 2u =+ |v| r?
e 1 _ = — 97
yo =il ( 2(2u + |v]) 2u £ |v] 1)

Clearly, if the solution corresponding to +|v| is chosen, then the free energy is negative and we obtain ordering

for any v. For the other set of solutions, we must impose the constraint |v| < 2u.

Physics 352
Spring 2003
Problem Set 7 - Solutions
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In this set, x is the magnetic susceptibility per particle, where appropriate.

35. Case 1: One dimensional Ising model.
In this case there is no phase transition at finite temperatures, so all the thermodynamical quantities should
be free of discontinuities. Replacing the spin variable with the average magnetization m leads to the following

partition function:

N
In = Z 6,6’(Jm+B)cr ’ (98)
{o}
so that log Zy = N log cosh[3(Jm + B)|+ constants. The mean field equation reads

_ 10logZn
5 0B

At B = 0,7 — 0 we choose the solution m = 0 because it is the right solution for large T" and the free

Nm = m = tanh[3(Jm + B)]. (99)

energy is an analytic function, which cannot lead to a phase transition (spontaneous magnetization). Moreover,
_ Bﬂ‘ _ 8
X = 9B|B=0 = cosh?(BJm) "

Case 2: Ising model in higher dimensions.

In the following we develop the mean field theory for the Ising model in dimensions 2 and higher. The
question is thoroughly treated in the textbook, so we present a slightly different approach, leading to the same
set of critical exponents. The point is that, regardless of the approximation used in deriving the mean field
results, the critical exponents should be the same. Therefore, we can use the formal result derived in part 1,
where J = kpT, is now understood as incorporating the sum over nearest neighbors. Even though the partition
function is not the same as obtained by the standard saddle point equation, we should still obtain the same
critical exponents.

The equation

T
m = tanh [zfm + ﬂB] (100)
can be solved in the neighborhood of T'=T,, B = 0, m = 0 by the expansion

3
tanhx ~ x — % +O(z?), (101)
leading to the equation
[Zem + 8B)°
} R e (102)

1.
m = {m—i—ﬁB 3

T
To find the zero-field magnetization set B = 0 and obtain
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C

T +3T2

T T, 213
m[ m } — 0. (103)

Clearly, for T' > T,, the only real solution is m = 0. For T' < T,, we also have the non-zero solutions

[372|T — T,

/2 as expected.

which minimize the energy. We therefore obtain in the ferromagnetic phase myp ~ |T — T¢|
Computation of the magnetic susceptibility is similar: taking a derivative with respect to the external field

in (5) leads to the equation

T. 1 T. 2
=+ —— ) |1 (== B 1
X (Tx+kBT) (Tm+6 > (105)
Above T¢, we have the solution m(B = 0) = 0 so the equation becomes
T. 1
1-=)=83=2y=——_" 106
x( T) B=x FolT — T (106)
For T < T,, substitution of the solution m? = % gives
T. T.—-T 3(T, —T)
R =pl1- e 1
Bt o2
We therefore obtain for the leading singularity
S (108)
X okpT — T

As expected, the universal values of the critical exponents in the mean field approximation are obtained.

36. Case 1: Heisenberg system at T — 0.

At zero external field and low temperatures, the Heisenberg system has a ground state where all spins are
aligned (say, along the z axis). Therefore, the ground state energy is simply £ = —NJ ) _. and depends on the
type of lattice considered. Perturbations about this ground state amount to slight deviations of the individual

spins from the z directions, and they are described by the following (cosine expanded) dispersion relation

er = 2Ja’k?, (109)

where a is the lattice constant and k is the wave number for the perturbation of energy er. Therefore, the
perturbations about the ground state can be described by Bose statistics (see textbook, s = 2), with the

dispersion relation indicated above and will lead to the perurbation energy
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Kt _5/2
We therefore obtain the temperature dependence Cy ~ T3/2 for the spin waves in three dimensions.
Case 2: Heisenberg system near the critical point. In the mean field approximation, the energy is read

directly from the saddle point expression of the partition function:

(E) = —NJm? (111)
Alternatively, one can use Fiyp = —NkpgT In %ﬁjm), E=F— Tg—? to get
E = —NJmL(8Jm) = —NJm?. (112)

Since m = 0 above T, we obtain £ =0, Cy =0 above T,. This should not be surprising, since the system is
at maximum disorder above T, and Cy is porportional to the increase in entropy with temperature.
Below T, we have from the general mean field approach m? ~ T?(T.—T), so that the temperature dependence

becomes

TX(T.—T)
T2

c

E=—NJkg Cy = Nk +O(IT —T.|). (113)

37. Assume a density of states given by s = 1/2. We will be using standard results already derived in the
textbook. The potential can be derived from the energy of the system, 2 = —%. As the textbook indicates,
the low temperature expansion of the energy for fermions and bosons (assume no Bose-Einstein condensation)

are respectively

2 /23 D\ 2
By = B(0) + (?m> (kpT)’V, By = E(0) - 3”2'“' (’“n) (ksT)*>V, (114)

where n is the particle density and k = I'(3/2)((3/2). We obtain for the quantum corrections of the thermody-

namical potential

2 D 2/3 kD 2
QO = —paV — ”g(g}n) (ksT)2| V, Q= —paV + |kn|yl <n> (kpT)32| V. (115)

As can be seen from these formulas, the quantum corrections show that the pressure of the system of fermions

is larger than the classical value, while for the system of bosons, it is smaller. This is usually explained as an
effect of the additional repulsion induced by the Pauli principle in the case of fermions, and the contrary effect

in the case of bosons (counting of states for symmetrical, antisymmetrical, and classical systems).
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38. We first find the density of states for 1-D photOHS' D(e)de = dp 2V (polarization factor included). From
the dispersion relation € = ¢p we obtain D(e) = hc, where L is the 1 D volume occupied by the photons. The

energy is then

L €
EF=— [ de———— 116
whc/ ‘B 1 (116)

which can be computed by using the expansion

[e.e]

1
e Pe Z e kBe (117)

Be _
e 1 prd

Using also the formula [ dee *7¢c = k2162’ we can write

L(kpT)* 1 wLkRT?
— 118
" The kz_: 27 12hc (118)
. . s TLk3T
The first term in the expansion for the heat capacity is then Cy = —5£~.
39. i) The extremum condition satisfied by the free energy reads
OaF =0 = ho[r + uly’] = 0. (119)

Depending on the sign of 7(7"), we have the disordered phase " > T., 1, =0, F =0 and the ordered phase,
T<T., [vP=I;l
ii) To simplify the derivation, note that by the Leibniz rule,
009p9” = 2(0a99pg + 99adsg), (120)

for any doubly differentiable function g. The we get

Ot} = 20ap5,  0a0sV> = 260800y,  Oa0s(|¥0%)* = 2[0u P[0l + [¢[?0a0a11]*] = 4[6aplt” + 2¢0athg]
(121)

Using the above relations, we obtain

Xop = [+ ult*]0ap + 2utbatis. (122)

Case 1: Disordered Phase.

Since 1) = 0, we get the homogenuous symmetric tensor
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xt=101r 0 (123)

Case 2: Ordered Phase.

Substitution of 1, = M3, with the condition r + uM 2 = 0 gives the planar circularily symmetric tensor

00 0
xt=]100 0 (124)
0 0 2

The interpretation of this result is profound. Above T, the system is invariant under the group of orthogonal
transformations in 3 dimensions. All the quadratic terms in the free energy have the same coefficients (which can
be identified with masses of the modes 1, ). Below T, the system undergoes a spontaneous symmetry breaking
process, and is left with the residual planar symmetry of orthogonal transformations in 2 dimensions. The modes
corresponding to the reduced symmetry group (also known as the little group of the vector (T < T.)) have

zero masses (X o, Xy_yl), so fluctuations in the XY plane can be excited with arbitrarily small external fields.

40. Since all derivatives are taken with respect to the temperature only, we will label all quantities which
are temperature independent as constants. We have F = —moagiﬁz’v = k:BTQM%@LTZN, and log Zy = Nlog Z1+
constants.

To compute Z; as a function of temperature, write

r ﬁKiq2 S _LP2 3
Z1 = H/dqe_ 2 H /dpe *mj | . constants, (125)
i=1

=1

so that by a simple coordinate transformation we obtain the desired temperature dependence:

7 = T . constants. (126)

The average energy thus becomes F = (3S+2Nk3 T261(§%T = (3s+ r)N%. We also get Cy = (3s + r)N]%B.

Physics 352
Spring 2003
Problem Set 8 - Solutions
June 6, 2003

Note: Graded homework will be available for pick-up today at 1:00 PM, in KPTC 101 (the east side wall).

41. Write the dispersion relation in the form D(e) = De® and derive from D(e)de ~ pdp, de ~ pdp that s = 0,
D(e) = D.
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a) The thermodynamic potential becomes

= DBV / deln[1 — e~ Aletlul) (127)
where we have emphasized the fact that u < 0 for bosons. Using the expansion In[l —t] = — Zn21 %, we get
—nB|u| e—nBlul
Z / dee™"P¢ = Z (128)
n>1 n>1
b, c) Use N = —% to get
N D e—nBlul D
N _ Y — T pM — e Bl 129
St Dot T (129)

In other words, 1 — e PlHl = e_%, and since n must be finite even in the thermodynamic limit, we conclude
that p # 0 for all finite values of 5.

d) The phase transition can only occur if the number of states available at p = 0 is macroscopically large.
This is directly related to a finite discontinuity in the density of states at ¢ = 0, which can be represented
through the step function and leads to the contribution at € = 0. The discontinuity of the density of states at
€ = 0 can only come from dimensional considerations; the geometrical meaning of this analysis is related to the

problem of filling a d— dimensional sphere (in p space) with a fluid of density pds.

42. The dispersion relation can be written in the form D(e) ~ p3 Zf ~ p? ~ ¢, 50 D(€) = De. Equation (1051)

reads
£ = VED(R) (130)

and k = ((2). Therefore, 5y ~ /n. By dimensional analysis, we can always write (up to numerical constants)
Bo ~ %, where [72 = \/n.

N=VD / de— S
eﬁ()

1
eﬁ(fp*#BU)_i_l ’

1 1 2¢5¢r sinh(BuB)
M)~ [ d — = [|d 131
< > / p |:e,6(€pNB) + 1 eﬁ(ﬁ;ri’}iB) + 1:| / p]. + 2€ﬁep COSh(BHB) + eQﬁep ( )

43. From the average occupancy number n, , = we derive the magnetization

We can write

ﬁ /dp In[1 + 2% cosh(BuB) + 7] (132)

The logarithm can be expanded and leads to an expression of the type

In[1 + 267 cosh(BuB) + 2P%] = 28¢, + 2P cosh(BuB) + O(e™2%%)), (133)
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so in the zero field limit, we have (M) = sinh(fuB) and x = fucosh(fuB). At finite § and B = 0, we get
(M)=0, x = kBLT. However, if T'— 0, we see that any infinitesimal external field orients the spins parallel to
it,soat T =0,B =0, (M) = +1, depending on how B = 0 is approached.

44. i) Conservation of total energy reads
5 (2D

= <3>2/3E(N,V,T). (134)

NS N
V12/3 V12/3

ii) Using the low temperature expansion for the energy we obtain to first approximation

3(N; + No) \** 9
(o 7)) = Ot (139)

Ny 4 NP (V) Np)P/
V12/3 V12/3 (Vi + 15)2/3

12
57T2(N1 + NQ)

iii) They should have the same chemical potential (Fermi energy, concentration of particles), then the divider
is virtual and its removal does not lead to a change in the Fermi level and lower degeneracy. The approximate

formula (9) shows that in this case, T' = 0.
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